The Rusk-Skinner formalism was developed in order to give a geometrical unified formalism for describing mechanical systems. It incorporates all the characteristics of Lagrangian and Hamiltonian descriptions of these systems (including dynamical equations and solutions, constraints, Legendre map, evolution operators, equivalence, etc.).
Introduction
In ordinary autonomous classical theories in mechanics there is a unified formulation of Lagrangian and Hamiltonian formalisms [1] , which is based on the use of the Whitney sum of the tangent and cotangent bundles W = TQ ⊕ T * Q ≡ TQ × Q T * Q (the velocity and momentum phase spaces of the system). In this space, velocities and momenta are independent coordinates. There is a canonical presymplectic form Ω (the pull-back of the canonical form in T * Q), and a natural coupling function, locally expressed as p i v i , is defined by contraction between vectors and covectors. Given a Lagrangian L ∈ C ∞ (TQ), a Hamiltonian function, locally given by H = p i v i − L(q, v), is determined, and, using the usual constraint algorithm for the geometric equation i(X)Ω = dH associated to the Hamiltonian system (W, Ω, H), we obtain that:
1. The first constraint submanifold W 1 is isomorphic to T Q, and the momenta ∂L ∂v i = p i are determined as constraints.
The geometric equation contains the second order condition
3. The identification W 1 ≡ T Q allows us to recover the Lagrangian formalism. 4 . The projection to the cotangent bundle generates the Hamiltonian formalism, including constraints. The Legendre map and the time evolution operator are straightforwardly obtained by the previous identification and projection [2] .
It is also worth noticing that this space is also appropriate for the formulation of different kind of problems in Optimal Control [3] , [4] , [5] , [6] , [7] . Furthermore, in [8] and [9] this unified formalism has been extended for non-autonomous mechanical systems.
Our aim in this paper is to reproduce the same construction for first-order field theories, generating a unified description of Lagrangian and Hamiltonian formalisms and its correspondence, starting from the multisymplectic description of such theories (see, for instance, [10] , [11] , [12] , [13] , [14] , [15] , [16] , [17] , [18] , for some general references on this formalism. See also [19] , [20] , [21] , [22] , [23] , [24] , [25] for other geometric formulations of field theories). As is shown throughout the paper, characteristics analogous to those pointed out for mechanical systems can be stated in this context. In [9] , a first approach to this subject has been made, focusing mainly on the constraint algorithm for the singular case.
The organization of the paper is as follows: Section 2 is devoted to reviewing the main features of the multisymplectic description of Lagrangian and Hamiltonian field theories. In Section 3 we develop the unified formalism for field theories: starting from the extended jetmultimomentum bundle (the analogous to the Whitney sum in mechanics), we introduce the so-called extended Hamiltonian system and state the field equations for sections, m-vector fields, connections and jet fields in this framework. It is also shown how the standard Lagrangian and Hamiltonian descriptions are recovered from this unified picture. As a typical example, the minimal surface problem is described in this formalism in Section 4. Finally, we include an appendix where basic features about connections, jet fields and m-vector fields are displayed.
Throughout this paper π: E → M will be a fiber bundle (dim M = m, dim E = N + m), where M is an oriented manifold with volume form ω ∈ Ω m (M ). π 1 : J 1 E → E is the jet bundle of local sections of π, andπ 1 = π • π 1 : J 1 E −→ M gives another fiber bundle structure. (x α , y A , v A α ) will denote natural local systems of coordinates in J 1 E, adapted to the bundle E → M (α = 1, . . . , m; A = 1, . . . , N ), and such that ω = dx 1 ∧ . . . ∧ dx m ≡ d m x. Manifolds are real, paracompact, connected and C ∞ . Maps are C ∞ . Sum over crossed repeated indices is understood.
2 Geometric framework for classical field theories 2.1 Lagrangian formalism (For details concerning the contents of this and the next section, see for instance [10] , [11] , [12] , [13] , [17] , [18] , [26] , [27] , [28] , [29] , [30] , [31] . See also appendix 5).
A classical field theory is described by giving a configuration fiber bundle π: E → M and a Lagrangian density, which is aπ 1 -semibasic m-form on J 1 E usually written as L = Lπ 1 * ω, where L ∈ C ∞ (J 1 E) is the Lagrangian function determined by L and ω. The Poincaré-Cartan m and (m + 1)-forms associated with the Lagrangian density L are defined using the vertical endomorphism V of the bundle J 1 E (see [30] )
The Lagrangian problem associated with a Lagrangian system (J 1 E, Ω L ) consists in finding sections φ ∈ Γ(M, E), the set of sections of π, which are characterized by the condition
In natural coordinates, if φ(x) = (x α , φ A (x)), this condition is equivalent to demanding that φ satisfy the Euler-Lagrange equations
The problem of finding these sections can be formulated equivalently as follows: finding a distribution D of T(J 1 E) such that it is integrable (that is, involutive), m-dimensional,π 1 -transverse, and the integral manifolds of D are the image of sections solution of the above equations (therefore, lifting of π-sections). This is equivalent to stating that the sections solution to the Lagrangian problem are the integral sections of one of the following equivalent elements:
• A holonomic jet field Ψ L : J 1 E → J 1 J 1 E, such that i(ΨL)ΩL = 0 (the contraction of jet fields with differential forms is defined in [11] ).
Semi-holonomic locally decomposable m-vector fields, jet fields and connections which are solution to these equations are called Euler-Lagrange m-vector fields, jet fields and connections for (J 1 E, Ω L ). In a natural chart in J 1 E, the local expressions of these elements are
with F A α = v A α (which is the local expression of the semi-holonomy condition), and where the coefficients G A αν are related by the system of linear equations
is an arbitrary non-vanishing function. A representative of the class {X L } can be selected by the condition i(XL)(π 1 * ω) = 1, which leads to f = 1 in the above local expression.
∂φ A ∂x α , and hence the coefficients G B αν must satisfy the equations
As a consequence, the system (2) is equivalent to the Euler-Lagrange equations (1) for φ.
is a regular Lagrangian system, the existence of classes of Euler-Lagrange mvector fields for L (or what is equivalent, Euler-Lagrange jet fields or connections) is assured. For singular Lagrangian systems, the existence of this kind of solutions is not assured except perhaps on some submanifold S ֒→ J 1 E. Furthermore, solutions of the field equations can exist (in general, on some submanifold of J 1 E), but none of them are semi-holonomic (at any point of this submanifold). In both cases, the integrability of these solutions is not assured, except perhaps on a smaller submanifold I such that the integral sections are contained in I.
Hamiltonian formalism
For the Hamiltonian formalism of field theories, we have the extended multimomentum bundle Mπ, which is the bundle of m-forms on E vanishing by contraction with two π-vertical vector fields (or equivalently, the set of affine maps from J 1 E to π * Λ m T * M [10] , [32] ), and the restricted multimomentum bundle J 1 * E ≡ Mπ/π * Λ m T * M . We have the natural projections
Given a system of coordinates adapted to the bundle π: E → M , we can construct natural coordinates (x α , y A , p α A , p) (α = 1, . . . , m; A = 1, . . . , N ) in Mπ, corresponding to the m-
is a Lagrangian system, the extended Legendre map associated with L, FL: J 1 E → Mπ, is defined as:
where
Then the restricted Legendre map associated with L is FL := µ • FL. Their local expressions are
is a regular Lagrangian system if FL is a local diffeomorphism (this definition is equivalent to that given above). Elsewhere (J 1 E, Ω L ) is a singular Lagrangian system. As a particular case,
is a closed submanifold of J 1 * E (we will denote the natural imbedding by  0 : P ֒→ J 1 * E), FL is a submersion onto its image, and for everyȳ ∈ J 1 E, the fibres FL −1 (FL(ȳ)) are connected submanifolds of J 1 E.
In order to construct a Hamiltonian system associated with (J 1 E, Ω L ), recall that the multicotangent bundle Λ m T * E is endowed with a natural canonical form Θ ∈ Ω m (Λ m T * E), which is the tautological form defined as follows: let τ E : T * E → E be the natural projection, and Λ m τ E : Λ m T * E → E its natural extension; then, for everyp ∈ Λ m T * E (wherep = (y, β), with y ∈ E and β ∈ Λ m T * y E), and for every X 1 , . . . , X m ∈ X(Λ m T * E) we have
Thus we also have the multisymplectic form 
is a hyper-regular Lagrangian system, thenP := FL(J 1 E) is a 1-codimensional and µ-transverse imbedded submanifold of Mπ (we will denote the natural imbedding by 0 :P ֒→ Mπ), which is diffeomorphic to J 1 * E. This diffeomorphism is µ −1 , when µ is restricted toP, and also coincides with the map h := FL • FL −1 , when it is restricted onto its image (which is justP). This map h is called a Hamiltonian section, and can be used to construct the Hamilton-Cartan m and (m + 1) forms of J 1 * E by making
The couple (J 1 * E, Ω h ) is said to be the Hamiltonian system associated with the hyper-regular Lagrangian system (J 1 E, Ω L ). Locally, the Hamiltonian section h is specified by the local
Then we have the local expressions
The Hamiltonian problem associated with the Hamiltonian system (J 1 * E, Ω h ) consists in finding sections ψ ∈ Γ(M, J 1 * E), which are characterized by the condition
, this condition leads to the so-called HamiltonDe Donder-Weyl equations (for the section ψ).
The problem of finding these sections can be formulated equivalently as follows: finding a distribution D of T(J 1 * E) such that D is integrable (that is, involutive), m-dimensional,τ 1 -transverse, and its integral manifolds are the sections solution to the above equations. This is equivalent to stating that the sections solution to the Hamiltonian problem are the integral sections of one of the following equivalent elements:
• An integrable jet field Ψ H : 
where f ∈ C ∞ (J 1 * E) is a non-vanishing function, and the coefficients F A α , G η Aα are related by the system of linear equations
which are the Hamilton-De Donder-Weyl equations for ψ. As above, a representative of the class {X H } can be selected by the condition i(XH)(τ 1 * ω) = 1, which leads to f = 1 in the above local expression. The existence of classes of HDW m-vector fields, jet fields and connections is assured.
In an analogous way, if (J 1 E, Ω L ) is an almost-regular Lagrangian system, the submanifold : P ֒→ J 1 * E, is a fibre bundle over E and M . In this case the µ-transverse submanifold P ֒→ Mπ is diffeomorphic to P. This diffeomorphism is denoted byμ:P → P, and it is just the restriction of the projection µ toP. Then, taking the Hamiltonian sectionh := •μ −1 , we define the Hamilton-Cartan forms
where FL 0 is the restriction map of FL onto P). Then (P, Ω 0 h ) is the Hamiltonian system associated with the almost-regular Lagrangian system (J 1 E, Ω L ), and we have the following diagram
Then, the Hamiltonian problem associated with the Hamiltonian system (P, Ω 0 h ), and the equations for the sections of Γ(M, P) solution to the Hamiltonian problem are stated as in the regular case. Now, the existence of the corresponding Hamilton-De Donder-Weyl m-vector fields, jet fields and connections for (P, Ω 0 h ) is not assured, except perhaps on some submanifold P of P, where the solution is not unique.
From now on we will consider only regular or almost-regular systems.
3 Unified formalism
Extended Hamiltonian system
Given a fiber bundle π : E → M over an oriented manifold (M, ω), we define the extended jet-multimomentum bundle W and the restricted jet-multimomentum bundle W r as
, respectively. We have the natural projections (submersions)
In addition, there is also the natural projection
The bundle W is endowed with the following canonical structures:
Definition 1
1. The coupling m-form in W, denoted by C, is an m-form along ρ M which is defined as follows: for everyȳ ∈ J 1 y E, withπ 1 (ȳ) = π(y) = x ∈ E, and p ∈ M y π, let
Then, we denote byĈ ∈ Ω m (W) the ρ M -semibasic form associated with C.
The canonical m-form
BeingĈ a ρ M -semibasic form, there isĈ ∈ C ∞ (W) such thatĈ =Ĉ(ρ * M ω). Note also that Ω W is not 1-nondegenerate, its kernel being the ρ 2 -vertical vectors; then, we call (W, Ω W ) a pre-multisymplectic structure. This definition of the coupling form is in fact an alternative (obviously equivalent) presentation of the extended multimomentum bundle as the set of affine maps from the jet bundle J 1 E to π-basic m-forms.
The local expressions for Θ W and Ω W are the same as (4), and forĈ we havê
, and we can writê
We define a Hamiltonian submanifold
So, W 0 is the submanifold of W defined by the constraint functionĈ−L = 0. In local coordinates this constraint function is
We have the natural imbedding  0 : W 0 ֒→ W, as well as the projections (submersions)
which are the restrictions to W 0 of the projections (6), andρ 0 2 = µ • ρ 0 2 : W 0 → J 1 * E. So we have the following diagram
Local coordinates in W 0 are (x α , y A , v A α , p α A ), and we have that
In a local chart, third equality gives
. In fact, it suffices to take [q] in such a way that, in a local chart of
Finally, observe that W 0 is defined by the constraint functionL−Ĉ and, as ker µ W * = ∂ ∂p and ∂ ∂p (L −Ĉ) = 1, then W 0 is a 1-codimensional submanifold of W and µ W -transversal.
As a consequence of this property, the submanifold W 0 induces a sectionĥ: W r → W of the projection µ W . Locally,ĥ is specified by giving the local
. In this sense,ĥ is said to be a Hamiltonian section of µ W .
Remark: It is important to point out that, from every Hamiltonian µ W -sectionĥ: W r → W in the extended unified formalism, we can recover a Hamiltonian µ-sectionh: P → Mπ in the standard Hamiltonian formalism. In fact, given [p] ∈ J 1 * E, the sectionĥ maps every
. So, the crucial point is the projectability of the local functionĤ by ρ 2 . But, being ∂ ∂v A α a local basis for ker ρ 2 * ,Ĥ is ρ 2 -projectable iff
, and this condition is fulfilled when [p] ∈ P = Im FL ⊂ J 1 * E, which implies that
Hence, the Hamiltonian sectionh is defined as follows
So we have the diagram (see also diagram (5))
(For (hyper) regular systems this diagram is the same with Im FL = J 1 * E).
Finally, we can define the forms
with local expressions
and we have obtained a (pre-multisymplectic) Hamiltonian system (W 0 , Ω 0 ), or equivalently (W r ,ĥ * Ω 0 ).
The field equations for sections
The Lagrange-Hamiltonian problem associated with the system (W 0 , Ω 0 ) consists in finding sections ψ 0 ∈ Γ(M, W 0 ) which are characterized by the condition
This equation gives different kinds of information, depending on the type of the vector fields Y 0 involved. In particular, using vector fields Y 0 which areρ 0 2 -vertical, we have:
(Proof ) A simple calculation in coordinates leads to this result. In fact, taking ∂ ∂v A α as a local basis for theρ 0 2 -vertical vector fields, and bearing in mind (7) we obtain
which are obviously ρ 0 M -semibasic forms.
As an immediate consequence, when Y 0 ∈ X V(ρ 0 2 ) (W 0 ), condition (8) does not depend on the derivatives of ψ 0 : is a pointwise (algebraic) condition. We can define the submanifold (Proof ) Considerȳ ∈ J 1 E, let φ: M → E be a representative ofȳ, and p = FL(ȳ). For every U ∈ Tπ1 (ȳ) M , consider V = Tπ1 (ȳ) φ(U ) and its canonical liftingV = Tπ1 (ȳ) j 1 φ(U ). From the definition of the extended Legendre map (3) we have that (Tȳπ)
Furthermore, as p = FL(ȳ), we also have that
Therefore we obtain
and bearing in mind the definition of the coupling form C, this condition becomes
Since it holds for every U ∈ Tπ1 (ȳ) M , we conclude that
, where we have made use of the fact that Θ L is the sum of the Lagrangian density L and a contact form i(V)L (vanishing by pull-back of lifted sections). This is the condition defining W 0 , and thus we have proved that (ȳ, FL(ȳ)) ∈ W 0 , for everyȳ ∈ J 1 E; that is, graph FL ⊂ W 0 . Furthermore, graph FL and W 1 are defined as subsets of W 0 by the same local conditions: p Being W 1 the graph of FL, it is diffeomorphic to J 1 E. Every section
In this way, every constraint, differential equation, etc. in the unified formalism can be translated to the Lagrangian or the Hamiltonian formalisms by restriction to the first or the second factors of the product bundle.
However, as was pointed out before, the geometric condition (8) in W 0 , which can be solved only for sections ψ 0 : M → W 1 ⊂ W 0 , is stronger than the Lagrangian condition ψ * L i(Z)ΩL = 0, (for every Z ∈ X(J 1 E)) in J 1 E, which can be translated to W 1 by the natural diffeomorphism between them. The reason is that T W 1 W 0 = TW 1 ⊕ V W 1 (ρ 0 1 ), so the additional information comes therefore from the ρ 0 1 -vertical vectors, and it is just the holonomic condition. In fact:
The section ψ L = j 1 φ is a solution to the Lagrangian problem, and the section
µ • ψ H = µ • FL • ψ L = FL • j 1 φ
is a solution to the Hamiltonian problem.
Conversely, for every section φ: M → E such that j 1 φ is solutions to the Lagrangian problem (and hence FL • j 1 φ is solution to the Hamiltonian problem) we have that the
, is a solution to (8) .
as a local basis for the ρ 0 1 -vertical vector fields:
so that for a section ψ 0 , we have
and thus the holonomy condition appears naturally within the unified formalism, and it is not necessary to impose it by hand to ψ 0 . Thus we have that
since ψ 0 takes values in W 1 , and hence it is of the form (8) 
, and hence
Now, let X ∈ X(J 1 E). We have
where Y 0 ∈ X(W 0 ) is such that Y 0 =  1 * Y 1 . But as ψ * 0 i(Y0)Ω0 = 0, for every Y 0 ∈ X(W 0 ), then we conclude that (j 1 φ) * i(X)ΩL = 0, for every X ∈ X(J 1 E). Conversely, let j 1 φ: M → J 1 E such that (j 1 φ) * i(X)ΩL = 0, for every X ∈ X(J 1 E), and 
(where
) and for Y 2 0 , following also the same reasoning as in (9), a local calculus gives
since j 1 φ is a holonomic section.
The result for the sections FL • j 1 φ is a direct consequence of the equivalence theorem between the Lagrangian and Hamiltonian formalisms (see, for instance, [31] and [12] ).
Remark:
The results in this section can also be recovered in coordinates taking an arbitrary local vector field
and, for a section ψ 0 fulfilling (8),
reproduces the Euler-Lagrange equations, the restricted Legendre map (that is, the definition of the momenta), and the holonomy condition.
Summarizing, the equation (8) gives different kinds of information, depending on the type of verticallity of the vector fields Y 0 involved. In particular we have obtained equations of three different classes:
1. Algebraic (not differential) equations, determining a subset W 1 of W 0 , where the sections solution must take their values. These can be called primary Hamiltonian constraints, and in fact they generate, byρ 0 2 projection, the primary constraints of the Hamiltonian formalism for singular Lagrangians, i.e., the image of the Legendre transformation,
2. The holonomic differential equations, forcing the sections solution ψ 0 to be lifting of π-sections. This property is similar to the one in the unified formalism of Classical Mechanics, and it reflects the fact that the geometric condition in the unified formalism is stronger than the usual one in the Lagrangian formalism.
3. The classical Euler-Lagrange equations.
The field equations for m-vector fields, connections and jet fields
The problem of finding sections solution to (8) can be formulated equivalently as follows: finding a distribution D 0 of T(W 0 ) such that it is integrable (that is, involutive), m-dimensional, ρ 0 Mtransverse, and the integral manifolds of D 0 are the sections solution to the above equations. (Note that we do not ask them to be lifting of π-sections; that is, the holonomic condition). This is equivalent to stating that the sections solution to this problem are the integral sections of one of the following equivalent elements:
• A class of integrable and ρ 0
Locally decomposable and ρ 0 M -transverse m-vector fields, orientable jet fields and orientable connections which are solutions of these equations will be called Lagrange-Hamiltonian m-vector fields, jet fields and connections for (W 0 , Ω 0 ).
Recall that, in a natural chart in W 0 , the local expressions of a connection form, its associated jet field, and the m-multivector fields of the corresponding associated class are
where f ∈ C ∞ (J 1 E) is an arbitrary non-vanishing function. A representative of the class {X} can be selected by the condition i(X)(ρ 0 * M ω) = 1, which leads to f = 1 in the above local expression. Now, the equivalence of the unified formalism with the Lagrangian and Hamiltonian formalisms can be recovered as follows:
Theorem 2 Let {X 0 } be a class of integrable Lagrange-Hamiltonian m-vector fields in W 0 , whose elements X 0 : W 0 → Λ m TW 0 are solutions of (10) , and let ∇ 0 : W 0 → ρ 0 * M T * M ⊗ W 0 TW 0 be its associated Lagrange-Hamiltonian connection form (which is a solution to (11) ), and Ψ 0 : W 0 → J 1 W 1 its associated Lagrange-Hamiltonian jet field (which is a solution to (12) ). 
For every
X 0 ∈ {X 0 }, the m-vector field X L : J 1 E → Λ m TJ 1 E defined by X L • ρfield X 0 ∈ X m W 1 (W 0 ).
The Ehresmann connection form
∇ L : J 1 E →π 1 * T * M ⊗ J 1 E TJ 1 E defined by ∇ L • ρ 0 1 = κ W 0 • ∇ 0
is a holonomic Euler-Lagrange connection form for the Lagrangian system
(where κ W 0 is defined as the map making the following diagram commutative) 
The jet field Ψ
is a holonomic Euler-Lagrange jet field for the Lagrangian system (J 1 E, Ω L ).
Conversely, every holonomic Euler-Lagrange jet field for the Lagrangian system
can be recovered in this way from an integrable Lagrange-Hamiltonian jet field Ψ 0 .
(Proof ) Let X 0 be a ρ 0 M -transversal m-vector field on W 0 solution to (10) . As sections ψ 0 : M → W 0 solution to the geometric equation (8) must take value in W 1 , then X 0 can be identified with a m-vector field X 1 : W 0 → Λ m TW 1 (i.e., Λ m T 1 • X 1 = X 0 | W 1 ), and hence there exists
. Therefore, as a consequence of item 1 in theorem 1, for every section ψ 0 solution to (8) , there exists X 0
, where  φ : j 1 φ → E is the natural imbedding. So, X L is π 1 -transversal and holonomic. Then, bearing in mind that  *
Conversely, given an holonomic Euler-Lagrange m-vector field X L , from i(XL)ΩL = 0, and taking into account the above chain of equalities, we obtain that i(X0)Ω0 ∈ [X(W 1 )] 0 (the annihilator of X(W 1 )). Moreover, being X L holonomic, X 0 is holonomic, and then the extra condition i(Y0) i(X0)Ω0 = 0 is also fulfilled for every
, we conclude that i(X0)Ω0 = 0. The proof for Ehresmann connections and jet fields is straightforward, taking into account that they are equivalent alternative descriptions in the Lagrangian formalism.
This statement also holds for non-integrable classes of m-vector fields, connections and jet fields in W 0 , but now the corresponding classes of Euler-Lagrange m-vector fields, connections and jet fields in J 1 E will not be holonomic (but only semi-holonomic). To prove this assertion it suffices to compute the equation (10) in coordinates, using the local expressions (7) and (13), concluding then that, in the expressions (13) , F A α = v A α , which is the local expression of the semi-holonomy condition (see also [9] ).
Finally the Hamiltonian formalism is recovered in the usual way, by using the following:
Theorem 3 Let (J 1 * E, Ω h ) be the Hamiltonian system associated with a (hyper) regular Lagrangian system (J 1 E, Ω L ). (For almost-regular systems the statement is the same, but changing J 1 * E for P).
(Equivalence theorem for
(Proof ) See [31] . (The proof for the almost-regular case follows in a straightforward way).
As a consequence of these latter theorems, similar comments to those made at the end of Sections 2.1 and 2.2 about the existence, integrability and non-uniqueness of Euler-Lagrange and Hamilton-de Donder-Weyl m-vector fields, connections and jet fields, can be applied to their associated elements in the unified formalism. In particular, for singular systems, the existence of these solutions is not assured, except perhaps on some submanifold S ֒→ W 1 , and the number of arbitrary functions which appear depends on the dimension of S and the rank of the Hessian matrix of L (an algorithm for finding this submanifold is outlined in [9] ). The integrability of these solutions is not assured (even in the regular case), except perhaps on a smaller submanifold I ֒→ S such that the integral sections are contained in I.
4 Example: minimal surfaces (in Ê 3 )
(In [9] we find another interesting example, the bosonic string (which is a singular model), described in this unified formalism).
Statement of the problem. Geometric elements
The problem consists in looking for mappings ϕ: U ⊂ Ê 2 → Ê such that their graphs have minimal area as sets of Ê 3 , and satisfy certain boundary conditions. For this model, we have that M = Ê 2 , E = Ê 2 × Ê, and
The coordinates in J 1 E, J 1 * E and Mπ are denoted (x 1 , x 2 , y, v 1 , v 2 ), (x 1 , x 2 , y, p 1 , p 2 ), and
and the Poincaré-Cartan forms are
The Legendre maps are
and then L is hyperregular. The Hamiltonian function is
So the Hamilton-Cartan forms are
Unified formalism
For the unified formalism we have
and we have the forms
Taking firstρ 0 2 -vertical vector fields ∂ ∂v α we obtain
which determines the submanifold W 1 = graph FL (diffeomorphic to J 1 E), and reproduces the expression of the Legendre map. Now, taking ρ 0 1 -vertical vector fields ∂ ∂p α , the contraction i ∂ ∂p α Ω 0 gives, for α = 1, 2 respectively,
values in W 1 , we have that the condition ψ * 0 i ∂ ∂p α Ω 0 = 0 leads to
which is the holonomy condition. Finally, taking the vector field ∂ ∂y we have i ∂ ∂y Ω 0 = −dp 2 ∧ dx 1 + dp 1 ∧ dx 2 and, for a section ψ 0 fulfilling the former conditions, the equation 0 = ψ * 0 i ∂ ∂y Ω 0 leads to in field theories to the so-called evolution operator in mechanics), in their different alternative definitions [33] , can easily be recovered from the unified formalism, similarly to the case of classical mechanics.
In a forthcoming paper, this formalism will be applied to give a geometric framework for Optimal Control with partial differential equations. Although this subject has been dealt with in the context of functional analysis, to our knowledge there has been no geometric treatment of it to date. integral manifolds are local sections of π. In this case, if φ: U ⊂ M → E is a local section with φ(x) = y and φ(U ) is the integral manifold of Y through y, then T y (Im φ) is D y (Y ). Integral sections φ of the class {Y } can be characterized by the condition Λ m Tφ = f Y • φ • σ M , where σ M : Λ m TM → M is the natural projection, and f ∈ C ∞ (E) is a non-vanishing function.
As a particular case, let {X}: J 1 E → D m TJ 1 E ⊂ {Λ m TJ 1 E} be a class of non-vanishing, locally decomposable andπ 1 -transverse m-vector fields in J 1 E, Ψ : J 1 E → J 1 J 1 E its associated jet field, and ∇: J 1 E →π 1 * TM ⊗ J 1 E TJ 1 E its associated connection form. Then, these elements are said to be holonomic if they are integrable and their integral sections ϕ: M → J 1 E are holonomic. Furthermore, consider the (1, m)-tensor field in J 1 E defined by J := i(V)(π 1 * ω), whose local expression is J = (dy A − v Then the class {X}, and its associated jet field Ψ and connection form ∇ are holonomic if, and only if, they are integrable and semi-holonomic.
